The NPDGamma experiment measures the parity-violating asymmetry in γ-ray emission in the capture of polarized neutrons on liquid parahydrogen. The sensitivity to the asymmetry for each detector in the array is used as a parameter in the extraction of the physics asymmetry from the measured data. The detector array is approximately cylindrically symmetric around the target and a step-wise sinusoidal function has been used for the sensitivity in the previous iteration of the NPDGamma experiment, but deviations from cylindrical symmetry necessitate the use of a Monte Carlo model to determine corrections to the geometrical factors. For the calculations, source code modifications to MCNPX were done in order to calculate the sensitivity of each cesium iodide detector to the physics asymmetry. We describe the MCNPX model and results from calculations and how the results are validated through measurement of the parity violating asymmetry of γ-rays from neutron capture on chlorine.
Introduction
The goal of the NPDGamma experiment is to investigate the weak nucleon-nucleon interaction by measuring the parity violating asymmetry in the angular distribution of 2.2 MeV γ-rays emitted in the http://creativecommons.org/licenses/by-nc-nd/4.0/capture reaction n + p → d + γ.
(
The magnitude of the parity violating asymmetry is on the order of 10 −8 . The differential cross section for the capture reaction is proportional to the physics asymmetry, A γ , and the angle between the neutron spin,σ n , and the γ-ray momentum,k γ ,
The neutron beam is 10 cm x 12 cm at the exit of the Fundamental Neutron Physics Beamline (FNPB) [1] at the Spallation Neutron Source at Oak Ridge National Laboratory. The beam passes through a supermirror polarizer [2] before entering the resonant frequency spin rotator (RFSR) [3] . The RFSR alternates the neutron spin over a sequence of 8 beam pulses in a ↑↓↓↑↓↑↑↓ pattern in order to cancel first and second order fluctuations in the beam intensity. Finally, neutrons enter the NPDGamma detector array, which consists of 48 CsI(Tl) detectors [4] arranged as shown in figure 1. Each detector consists of two 15.2 cm x 15.2 cm x 7.6 cm CsI(Tl) crystals. The detectors are arranged symmetrically around the neutron beam center in 4 rings of 12 surrounding the liquid hydrogen cryostat. The liquid hydrogen target is 30 cm long and 13 cm in radius [5] . Theẑ direction is the neutron beam direction,x direction is beam left, and theŷ direction is beam up. The neutron spin direction is ±ŷ depending on the state of the RFSR and the azimuthal angle, φ, is the angle in the x-y plane (see figure 2), and the polar angle, θ, is the angle between the target and the each detector ring.
The raw asymmetry for a given spin sequence is determined using the super ratio method, in which we define
for each pair, i, of opposed detectors, l = 0 . . . in detectors l and m. The raw asymmetry for each detector pair is then given by
The physics asymmetry [6] for a given detector is given by
where A PC and A PV are the parity-conserving and parity-violating physics asymmetries, A i app is a term encompassing contributions that dilute the asymmetry, P n is the measured neutron beam polarization [7] , ∆ dep is the neutron depolarization correction, and ∆ sf is the spin flip efficiency. Using the super ratio method is superior to using the difference between detector signals because it perfectly accounts for the differences in the gains of the detectors in each pair and is less sensitive to differential detector pedestal values.
The pairwise geometrical factors G i PC and G i PV in equation 5 are related to the ideal single-detector geometrical factors, G j LR and G j UD discussed in the next section, which are proportional to the sensitivity of a detector pair to the physics asymmetry. The ideal geometrical factors are simply determined by the (θ, φ) position of the detector relative to the source in the case of a point source and infinitely small detectors. The ideal geometrical factors depend on the geometry of the apparatus and beam and a further correction using the neutron momentum to generate G i PC and G i PV from the ideal geometrical factors, with the neutron momentum being used to properly account for neutrons that change direction before capture. The geometrical factors are determined using Monte Carlo and are used as fitting parameters in order to extract the physics asymmetry from the measured detector raw asymmetries.
Qualitatively, the shape of the sensitivity of the detector array to the physics asymmetry, A γ , is expected to be sinusoidal function of φ within each detector ring with an additional dependence on the polar angle, θ, for each detector ring relative to the neutron capture location. A step-wise sinusoidal function that did not take into account the polar angle for each ring was used for the geometrical factors in the analysis of the previous run of the NPDGamma experiment at the Los Alamos Neutron Science Center spallation source (LANSCE) [8] . The calculation method described here is used to determine geometrical factors for all targets that have been used for the NPDGamma experiment, and this work describes a significant improvement to the determination of the geometrical factors over the LANSCE method. These targets include liquid hydrogen, 35 Cl, aluminum target, and apparatus aluminum samples. Apparatus aluminum in the target vessel and elsewhere cause a dilution factor in the measurement of the hydrogen asymmetry. The measurement of the 35 Cl asymmetry is used to validate the Monte Carlo calculation of the geometrical factors.
MCNPX model for the ideal geometrical factors
There are three geometrical factors that can be expressed in terms of the initial γ-ray direction, the neutron momentum, and the neutron spin and each can be expressed analytically for a simplified model with a point source and point detectors. The updown geometrical factor is a projection of the γ-ray momentum along the y-axis in the assumption that the neutron spin is always parallel to the vertical axis,
The left-right geometrical factor is a projection of the γ-ray momementum along the horizontal axis in the assumption that the neutron momentum is always parallel to the beam axis and neglecting scattering inside the target volume,
The beam axis geometrical factor is not used in the NPDGamma analysis and is left as a qualitative consistency check of the geometrical factors calculation,
The geometrical factors are sensitive to the alignment, position, and size of the beam, detector array, and target. A horizontal or vertical shift will lead to a change in the origin and therefore a change in φ resulting in significant change in the geometrical factors for individual detectors. However, pairwise geometrical factors that combine opposing pairs of detectors are insensitive to small shifts. For a pair of detectors, G
When analyzing pairs of detectors, the pairwise geometrical factors are given as the difference of the individual detector geometrical factors,
which are insensitive to small up-down and leftright shifts. For instance, take two point detectors, l at coordinates (15 cm, 15 cm) and m at (−15 cm, −15 cm), with a point source at the origin. The geometrical factors for this configuration are ± √ 2 2 . Under a shift of 1 cm along thex (orŷ) axis, the individual geometrical factors shift by ≈4%, but the pairwise geometrical factors shift by less than 0.2%.
The top and bottom detectors (see figure 2 ) are most sensitive to an up-down asymmetry and therefore are expected to have the largest G UD and smallest G LR , and the side detectors are expected to have the largest G LR and smallest G UD .
There are four corner detectors that are slightly closer to the hydrogen target but are also somewhat shielded by neighboring detectors. The detector array is symmetric under rotations by π 4 and π 2 , which transforms G UD → G LR and G UD → −G UD , respectively. The beam axis geometrical factor, G Z , should be approximately constant within each ring, but geometrical factors for the corner detectors will be slightly shifted from the other 8 detectors.
The detectors are extended in space rather than point-like, and the center of detection may be perturbed from the geometric center because the detector package is comprised of 2 CsI(Tl) crystals gain matched to 10% [4] with the seam between the crystals always parallel to the beam direction such that top detectors have "beam left" and "beam right" crystals rather than "upstream" and "downstream" crystals, for example. The detector array was aligned to the y and z-axes with an accuracy of 3 mrad. The nominal center of the detector array is 25 cm from the inward detector faces and the efficiency matching implies a shift of 0.75 cm in the center of detection which corresponds to an angular shift of 35 mrad. Finite geometry and shadowing effects also prevent an individual detector's φ and θ from being determined geometrically. In order to correct for these effects, we built a Monte Carlo model using MCNPX 2.7 [9] . The MCNPX calculation uses a 10 cm x 12 cm neutron source beginning at the exit of the FnPB neutron guide several meters upstream of the detector array as well as an as-built model of the detector array and liquid hydrogen target apparatus. All material cross sections are taken from ENDF/B-VII.1 [10] .
The energy deposition is tallied in each detector from γ-rays originating from neutron capture in the target along with information on the initial direction cosines for each γ-ray. The source code was modified to save the direction cosines for the initial momentum of a γ-ray in the model. As the γ-ray propagates through the model, these initial direction cosines remain unchanged and are also inherited by all new particles created throughout each source particle history, for instance electrons from Compton scattering. A γ-ray may produce Compton electrons in multiple detectors, which produces another deviation from the ideal sinusoidal function. As energy is deposited in the detectors by Compton scattered electrons, the initial γ-ray direction cosine tags are used to bin and weight the energy deposition tallies. The range of a 100 keV electron in CsI is only 60 µm [11] , and the propagation of electrons below 100 keV is terminated to save calculation time without compromising results.
The built in cell-averaged energy deposition tally (F6) in MCNPX was used to tally the energy deposition from neutron capture γ-rays in units of MeV g −1 per source neutron. A tallyx subroutine was used to correctly weight and bin the energy deposition by the initial direction cosine tags. E j kl represents the amount of energy deposited at each scattering event as determined by MCNPX as an electron scatters and loses energy. The energy deposition is summed over scattering events, l, and source neutron tracks, k. N n represents the total number of source neutrons generated for the calculation, and is the usual normalization factor used in MCNPX. A total of four tallies were calculated for each detector; an unmodified F6 tally and three F6 tallies weighted by the initial γ-ray direction cosine tags. The total energy deposition in each detector is determined using an unmodified F6 tally and is given by, The three directionally weighted energy deposition tallies are calculated identically to a normal , F6 energy deposition tally but the energy deposition tally at each scattering event is weighted by the initial γ-ray direction tags using the tallyx subroutine,
The geometrical factors are calculated as the ratio of the direction weighted energy deposition to the total energy deposition for each detector,
Consider a source neutron that captures in the liquid hydrogen and produces a γ-ray that scatters in detectors 0 and 1, producing Compton electrons in each, and then escapes. In this situation, there will be contributions to the four T 0 and T 1 tallies due to the energy lost by those Compton electrons and zero contribution to any other detector. As another example, consider a source neutron that captures in the liquid hydrogen and produces a γ-ray that never enters a detector volume, in which case there will be no contribution to any detector tallies from this neutron source particle track. Figure 3 shows G LR , G UD , and G Z for the 35 Cl target positioned inside the downstream end of the spin flipper. Qualitatively, the ring closest to the target has the highest sensitivity to the asymmetry, with each ring having a lower sensitivity as the polar angle decreases. The beam axis component is approximately constant for each ring of 12 detectors with only small deviations for each corner detector. There is also a π 4 phase between G LR and G UD .
Neutron scattering correction
Equations 6 and 7 include only the apparatus, detector, and neutron beam geometry contributions to the geometrical factors. The sensitivity to the parity conserving and parity violating asymmetries depends on the pseudoscalar quantity,k γ ·σ n , and scalar quantity,k γ · (σ n ×k n ). The parity conserving geometrical factor is proportional to the parity conserving asymmetry, for instance Mott-Schwinger scattering [12] and parity conserving apparatus asymmetry effects [13] , and is perpendicular to the neutron spin,
while the parity violating asymmetry depends only on the neutron spin,
In the case of a material with a large absorption cross section compared to scattering, neutrons are generally captured before scattering such that the initial momentum is unchanged and G PC would be the same as G LR . The scattering cross section for parahydrogen is comparable to the absorption cross section for 5 meV neutrons, and neutron scattering must be taken into account when determining G PC such that the appropriate MCNPX tally is given by,
rather than equation 12. When extracting the geometrical factor from the MCNPX tallies,
The contribution due to the unknown amount of orthohydrogen contamination in the liquid hydrogen volume is assessed below. The neutron beam polarization and neutron depolarization correction on capture are taken into account separately as shown in equation 5. The left-right and parity-conserving geometrical factors differ significantly because neutron scattering before capture is a significant contribution in the NPDGamma experiment. The neutron direction does not contribute to G PV in equation 19 and G PV is therefore taken to be the same as G UD and determined by equation 16.
Detector center of response
An 0.8 cm long, 0.3 cm radius cylindrical 4 mCi 137 Cs source was translated using an x-y scanner along a 13 point grid in a plane centered within each ring of the detector array. Data were taken at each position for 60 seconds before moving the source to the next position in the grid. A much larger grid scan was simulated using MCNPX using a cylindrical γ-ray source with energy 662 keV in order to determine the ideal detector response. The grid scan patterns are shown in figure 4 . The MCNPX grid represents the ideal response of the detectors to the cesium source and would differ from the source measurements by a scaling factor if not for imperfections in the crystals that give rise to spatial variations in the detector gain that we cast as an effective rotation of the detector array. These scans are used to determine these effective rotation angles, δ φ , for each detector and then used to adjust the calculated geometrical factors as an admixture of G PV and G PC . The detector package dimensions were chosen to be sufficiently thick to the 2.2 MeV γ-rays from capture on hydrogen and this also applies to the 662 keV γ-rays from 137 Cs. The MCNPX simulation results should be proportional to the average detector signal in volts for each detector along with a correcting rotation angle, δ φ , that is expected to be on the order of 35 mrad. The ideal response function is a function of the position of the 137 Cs source. This function is fit to an 8th order polynomial in x and y using GNU Scientific Library [14] ,
The laboratory coordinate system differs from the model coordinate system with a rotation by δ φ ,
The measured data, S(x ′ , y ′ ), is then fit to the model function along with a scaling factor, b, and a rotation angle, δ φ ,
The δ φ angles are within ±40 mrad of the ideal system, as was expected. The uncertainties shown in figure 5 were taken from the fitting routine. The adjusted geometrical factors are given by the simple transformation φ → φ + δ φ , which produces rather simple expressions for the adjusted geometrical factors given the complex geometry of the beam, target, and apparatus. The adjusted geometrical factors can then be expressed in terms of δ φ and the ideal G PC and G PV ,
Similarly, the adjusted up-down geometrical factor is given by,
The δ φ adjustment contributes an uncertainty on the order of 0.5% for the most statistically significant detectors (ie. top/bottom detectors for G PV ) and on the order of 2% for the least statistically significant detectors (ie. side detectors for G PV ). It is the corrected G ′ PC and G ′ PV that are used in the asymmetry analysis.
Validation of MCNPX results with
35 Cl parity-violating asymmetry 35 Cl has a large and well known parity-violating asymmetry of (2.91 ± 0.67) × 10 −5 [15] and can be measured at FNPB in approximately 1 day of neutron beam time, compared to the hydrogen asymmetry which is approximately 3 orders of magnitude smaller. Previous measurements have have shown that the parity-conserving asymmetry for 35 Cl is consistent with zero at the level of 7 × 10 −6 [16] . A dimensionally thin 35 Cl target that is opaque to neutrons was used in order to validate the calculation of the geometrical factors as well as to test the sensitivity of the apparatus to a parity-violating signal. The chlorine target consists of a Teflon case filled with carbon tetrachloride. The target was placed inside the downstream end of the RSFR (see figure 1 ) in order to perform periodic checks on the apparatus.
The raw per-pulse detector γ-ray response signals were cleaned using simple cuts that ensure that the neutron beam was stable throughout a spin sequence, and the resulting asymmetry was recorded for each spin sequence that satisfied these cuts. The spin sequence asymmetries were then recorded in a histogram and fit to a Gaussian in order to extract a raw asymmetry and an uncertainty for each detector, which was then fit to the geometrical factors using
The χ 2 per degree of freedom from this fit is 0.88 when using the adjusted geometrical factors described above. The PV geometrical factors are shown in figure 6 along with the raw asymmetries with the asymmetry fit parameter, A PV , divided out so that the asymmetries appear on a scale of -1 to 1. The fit shows good agreement between the predicted shape of the asymmetry (from G PV ) and the measured detector asymmetries, with the amplitude decreasing with each ring as the angle θ increases from rings 1 to 4.
The same fitting procedure was performed using the ring 1 geometrical factors applied to every ring, which is analogous to the LANSCE procedure [8] in which a constant amplitude function was used for each ring. The χ 2 per degree of freedom is 2.57 using this method, and the fit is visually quite poor and can be seen in figure 7 with the parameter A PV,const divided out, which demonstrates the validity of the Monte Carlo calculation that takes into account both the φ and θ angles. The uncertainty budget for the geometrical factors for the chlorine target is shown in table 1. Simulations accounting for ±0.5cm longitudinal misalignment of the chlorine target provide an additional uncertainty of 0.5% in the geometrical factors.
Source Uncertainty Calculation 0.2% δ φ adjustment 0.5% Alignment 0.5% Total 0.7% Table 1 : Geometrical factors uncertainty budget for 35 Cl.
Liquid hydrogen target
The hydrogen target vessel contains a mixture of orthohydrogen and parahydrogen. The target was operated at 15.6 K, at which the equilibrium orthohydrogen concentration is 0.015%. There is a recirculation loop through the ortho-para converter (OPC) [17] that drives conversion towards the parahydrogen ground state. The time constant for conversion was determined from neutron transmission measurements to be approximately 1 day. It was not possible to determine the absolute orthohydrogen concentration during the experiment via neutron transmission and there was no in situ apparatus for measuring the orthohydrogen concentration directly. However, we performed measurement of the parahydrogen scattering cross section [18] using the NPDGamma apparatus that yielded upper and lower bounds on the orthohydrogen concentration of 0.15% and 0.015%, respectively. The liquid hydrogen geometrical factors are shown in figures 8 and 9. The neutron scattering correction to G LR is responsible for the significant difference between G LR and G PC .
The orthohydrogen scattering cross section is a factor of 10 2 higher in magnitude than the absorption and parahydrogen scattering cross sections [10] [19] . The mean free path of neutrons is sensitive to the orthohydrogen concentration, and the orthohydrogen concentration dependence for the PV and PC geometrical factors is shown in figure 10 , which contributes a 1.0% uncertainty to the hydrogen geometrical factors. There is also an energy dependence to the geometrical factors due to the energy dependence of the mean free path of a neutron in liquid hydrogen, which contributes an uncertainty of 1.5%. The uncertainties in the geometrical factors for the liquid hydrogen target are shown in table 2. The effect of misalignment along the beam axis of ±1 cm was calculated in the case of the hydrogen target. The position of the target along the beam axis relative to the detector array changes cos (θ) and therefore the absolute magnitude of the sensitivity. The G Z geometrical factor has a very strong sensitivity to beam axis shifts and changes by 5% to 15% depending on the ring. The G LR and G UD geometrical factors are less sensitive to this shift, with rings 2 and 3 changing by 0.5% and rings 1 and 4 changing by 1.5%.
Conclusion
We have shown that the Monte Carlo method using MCNPX to calculate the geometrical factors can Source Uncertainty Calculation 0.2% δ φ adjustment 0.5% Energy dependence 1.5% Ortho-Para 1.0% Alignment 0.5% Total 1.9% Table 2 : Geometrical factors uncertainty budget for hydrogen.
be used to determine geometrical factors for our target configurations. This was done to a precision of approximately 1.9% for the distributed liquid hydrogen target and 0.7% for the 35 Cl target used in the NPDGamma experiment. The uncertainty in the calculated geometrical factors makes a negligible contribution to the overall uncertainty in the NPDGamma physics asymmetry.
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